Abstracf-The probability of co-channel interference (PCI) due to multiple correlated log-normal signals is calculated for cellular radio systems operating in Rayleigh fading and lognormal shadowing environment. The effects on the PCI of the correlation between the signals, the standard deviation due to shadowing, the number of interferers, the co-channel protection ratio, and the traffic load is investigated. The results are used for analyzing the optimal channel reuse, the cluster size, and the spectrum efficiency in terms of these parameters.
I. INTRODUCTION
N cellular radio systems, the principal design constraint is I the limited available frequency spectrum. Frequency reuse is one of the fundamental approaches for achieving efficiency of spectrum usage. However, if the system is not properly designed, serious interference may occur. Reusing the same frequency channels in different cells is limited by the cochannel interference between the cells [l] . The minimum distance required between two nearby co-channel cells is based on specifying a maximum tolerable PCI allowed in the system. Therefore, a realistic evaluation of the PCI helps establishing the optimal frequency reuse distance between the co-channel cells for a given choice of a cellular radio system.
Evaluation of the PCI requires, amongst others, a realistic model of the wave propagation in a fading and shadowing environment. A mobile radio signal envelope is modeled as a Rayleigh fading signal superimposed on a shadowing signal. Rayleigh fading is caused by multipath propagation while the terrain configuration is responsible for shadowing. The random fluctuations in the signal amplitude can be described approximately by a log-normal probability density function (pdf) over long periods, and by a Rayleigh pdf for much shorter periods [2] . Rayleigh fading of different signals is uncorrelated; however, in a shadowed environment, the mean levels of the desired and the interfering signals might be correlated [3] .
In cellular radio systems, the total co-channel interference power in a receiver results from the sum of the powers of individual random co-channel interfering signals. Therefore, one needs to determine the statistics of the sum of the powers of random interfering signals, each with a logManuscript received June 24, 1992 ; revised September 15,1992 and August 10, 1993.
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normal pdf. A number of approximations to this problem have been developed to supplement the widespread use of Monte Carlo simulation [4] - [6] . These approximate methods have limitations while complete Monte Carlo simulation, though more accurate, requires extensive computer time.
Similarly, the statistics of the sum of the powers of uncorrelated interferers undergoing Rayleigh fading needs to be determined. Incoherent sum of the powers of these signals is described by an n-fold convolution of their pdf's, which results in a gamma distribution if they all have the same mean. However, the coherent addition of the powers of Rayleigh distributed phasors is described by an exponential pdf.
The calculation of the PCI for a system with Rayleigh fading and uncorrelated log-normal shadowing is reported in numerous publications [7] - [13] . In this context, one can refer to [14] and [15] for an exact analysis of outage probability with multiple uncorrelated interferers in an environment with fading and shadowing. This analysis is based on an observation that the exponential distribution of the desired signal power, due to Rayleigh fading, can be interpreted as a kernel for the Laplace transform of the pdf of the joint interference power of multiple interferers undergoing Rayleigh fading and log-normal shadowing. The effect of individual interferers can thus be accounted for by the product of their Laplace transforms instead of the more difficult convolution operation. Unfortunately, this technique is not suitable for studying the case of correlated interferers, since, in this case, the composite pdf's of the desired and individual interferers are not separable. Though the importance of correlation between the signals has already been recognized [16] , [17] , the effect of multiple correlated log-normal interferers on the PCI in cellular radio systems has not been given due consideration, except for the cases of one and two correlated log-normal interferers [7] , [18]- [20] . This paper addresses the effect of correlation between multiple log-normal signals on the performance of cellular radio systems. The PCI due to multiple correlated log-normal signals has been calculated for the mobile radio systems operating in an environment with Rayleigh fading and log-normal shadowing. The results obtained are used to calculate the normalized frequency reuse distance, the cluster size, and the spectrum efficiency. The results are based on an extension of the method of Schwartz and Yeh [6] for determining the mean and variance of the sum of the powers of multiple correlated log-normal signals [2 11 .
The PCI due to multiple correlated log-normal signals is derived in Section I1 for mobile radio systems operating in an environment with Rayleigh fading and log-normal shadowing. The fundamental parameters in the design of a cellular radio system are the transmitter power, the cell radius, the normalized frequency reuse distance, the cluster size, and the spectrum efficiency. In order to determine these parameters, it is necessary to relate them to the PCI caused by a number of co-channel interferers (1)
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Here, F,(n) is the probability of n co-channel interferers being active. Assuming that the blocking probability, B , and the number of channels per cell, N,, are the same in all cells, and considering the interfering signals only from the nearest neighboring N = 6 co-channel cells, F,(n) may be written as 191
where B1lNs denotes the probability that a particular cochannel interferer is active. Note that, in some versions of The corresponding conditional PCI, F(Clln), due to n active interferers, is defined by
as, respectively, the standard deviation, the local mean power, and the area mean power of the desired signal. Similarly, 7 , = ( 1 / (~, )
In (Pm/<,) with a , , Po,, and tu being, respectively, the standard deviation, the local mean power, and the area mean power of the sum of interfering signals. The sum of the powers of a finite number of log-normally distributed signals can be approximated, at least as a first order, by another lognormal pdf [4]- [6] . Therefore, the local mean power, Po,, of the sum of the powers of n interfering signals is also described by a log-normal pdf with a , and tu. Both ( T, and tu can be obtained by using the extension of the method of Schwartz and Yeh [6] for n correlated signals as described in [21] . Note that Pd,, is the correlation coefficient between the desired and the sum of interfering signals and is calculated using the method presented in [21] as a function of the area mean power levels, standard deviation, and the correlation coefficients between the individual signals. For realistic scenarios in cellular radio systems, the correlation coefficients between the individual signals may vary between 0.4 and 0.6. Nevertheless, these values depend on the angular separation between their directions of arrival and are expected to decrease with increasing angular separation between them. Therefore, the assumption of a single correlation coefficient between the signals received by a user terminal is not necessarily very realistic but may still provide useful information about the effects of correlation.
The pdf of w, fv(w), can be determined by inserting ( 5 ) into ( Here, fv (w) denotes the pdf of w = P, / P , , and can be found from the joint pdf of P, and P, as follows Here (7) m (4) and nefi is the effective standard deviation given by with w = Pn and the corresponding Jacobian la(Ps,Pn)/8(v,w)l = w. Here, P, is the short-term power of the desired signal, P,, denotes the cumulative interference power from n active co-channels, and a stands for the specified minimum co-channel protection ratio.
In a shadowed environment, the power levels of the desired signal and interferers might be correlated, since the same obstacles may cast overlapping shadows to signals transmitted from different base stations. Assuming that the desired and interfering signals are correlated, the joint pdf of the local mean powers of the desired, Pod, and the sum of interfering
(8)
In a mobile radio environment, the received signal consists of a Rayleigh fading signal superimposed on a shadowing signal. Fast amplitude fluctuations of mobile radio signals can be represented by the Rayleigh pdf. The corresponding shortterm power (average power measured over a number of RF cycles) of the desired signal, Pd, is exponentially distributed around the local mean power, Pod The pdf of the incoherent sum of the powers of n exponentially distributed interfering signals can described by an n-fold convolution of their pdf's; if these signals all have the same local mean powers their sum would have a gamma distribution [24] . The short-term power, Pu, of the cumulative interference is assumed to be described by an exponential pdf of the form (9), with a local mean power, Pou. This is justifiable if the addition of n Rayleigh distributed phasors can be assumed to be coherent over some sufficiently long time interval. Coherent addition of the Rayleigh phasors was reported to yield more optimistic results (lower PCI) compared to incoherent addition. However, the difference between the two predictions is less than 10% [lo] . Here, we assumed coherent addition of the Rayleigh phasors.
In case of combined Rayleigh fading and log-normal shadowing, the joint pdf of the instantaneous powers of the desired and the sum of interfering signals may be written as 
NORMALIZED FREQUENCY REUSE DISTANCE
The frequency reuse distance normalized by cell radius, R, , 
A reduction in the normalized frequency reuse distance would increase the system capacity and the efficiency of spectrum usage. Therefore, it is reasonable to try to minimize the normalized frequency reuse distance, while still meeting the specified system performance requirements. The minimum normalized frequency reuse distance required between two nearby co-channel cells is based on specifying a tolerable co-channel interference, which depends on the signalto-interference ratio. Assuming the shortest distance, (D-R), for all interferers, as a worst case [25] , [26] , and a R-7 type dependence of the area mean power on distance, the signalto-interference ratio may be written as the ratio of the area mean powers of the desired and the sum of interfering signals (see WI, eq. (4)) ) (13) where n denotes the number of active co-channel interferers. Gl(awk, mwk) is a function used to find the area mean power of the sum of n correlated log-normal interferers of the form exp (yi) where yi are normally distributed. The parameters CTwk and m w k denote, respectively, the standard deviation and the mean of Wk [21] /E-1 \ For more details, the reader is referred to [21] . Here, y is the propagation path loss exponent (2 5 y 5 5) and is typically y = 4 for UHF propagation in cellular radio.
By using (6), (7) . and (13), the conditional PCI due to one and six correlated log-normal interferers is calculated and plotted in Fig. 1 as a function of the normalized frequency reuse distance for a = 8 dB, CT = 6 dB, and 12 dB.
The standard deviation of the desired signal and individual interferers due to shadowing are all assumed equal and denoted by CT. The area mean powers of the desired, C d , and the interfering signals, &, are assumed equal to unity, i.e., zero dB. Similarly, the correlation coefficients between individual interferers and the desired signal are all the same and denoted by p. Fig. 1 confirms that the conditional PCI reduces with increasing normalized frequency reuse distance and increased correlation between the signals. Fig. 1 also shows that the high levels of the PCI occur with increasing standard deviation and the increasing number of interferers where the correlation between the signals reduces the PCI significantly compared to the uncorrelated case. The conditional PCI for combined fading and shadowing,
given by (ll), is plotted in Fig. 2 as a function of the normalized frequency reuse distance with standard deviation, correlation coefficient, and the number of interferers as parameter. The results show that correlation between the signals helps reducing the conditional PCI. Presence of fading causes significant increase in the PCI. This effect becomes more significant at higher values of the normalized frequency reuse distance and for CT = 6 dB (see Figs. 1 and 2 ). Fig. 3 shows the variation of the total KI, due to N = 6 correlated interferers, versus normalized frequency reuse distance for pure shadowing with the blocking probability, the standard deviation, and the correlation coefficient as parameter. Fig. 3 depicts that the total PCI reduces with the increasing reuse distance and increasing correlation between the signals. Results also show that a higher level of co-channel interference occurs with increasing standard deviation. However, the effect of blocking probability is not very significant.
Total PCI for combined fading and shadowing is plotted in Fig. 4 as a function of the normalized frequency reuse distance with standard deviation, correlation coefficient, and blocking also shown for the sake of comparison. Note that the total PCI is directly related to the total interference power, which is in tum proportional to the probability that a particular interfering base station is transmitting, Le., for combined fading and shadowing (a = 6 dB) (see Figs. 3  and 4) . Similarly, fading and increased shadowing (u = 12 dB) result in significant increase in the minimum required normalized frequency reuse distance, for a given value of the total PCI.
Iv. CLUSTER SIZE
The number of cells per cluster, referred to as cluster size as well, is a parameter of major interest, since in practice this number determines how many channel sets must be formed out of the total allocated spectrum. If the total number of channels available to the system is fixed, smaller cluster sizes provide more channels per cell and per cell site base station. Therefore, each cell site can carry more traffic, thereby reducing the total number of cell sites needed for a given total load. If the channels are divided into groups, then each cell provides its users with N, = NT/C channels. NT is the total number of channels available for the cellular radio system, and the cluster size, C, is determined by c = i2 + ij + j 2 i,j 2 0. (15) The fact that a and j are integers makes geometrically realizable only certain values of the number of cells per cluster, e.g., 3, 4, 7, 9, 12, 13 Service area of a high capacity cellular radio system is covered without gaps or overlaps with many clusters of cells. In hexagonal layout, each cluster is composed of several hexagonal cells. The relationship between the normalized frequency reuse distance, &, and the number of cells per cluster, C, required to completely cover any planar area with a fixed assignment plan is simply given by [27] . By using (16), (13), (7). and (6), the total PCI, due to N = 6 correlated interferers, has been evaluated and plotted in Fig. 5 as a function of the cluster size for pure shadowing with standard deviation, the correlation coefficient, and the blocking probability as parameter. The total PCI was observed to increase significantly with an increase in shadowing from IS = 6 dB to u = 12 dB. Here also the effect of the blocking probability is insignificant. Similarly, total PCI for combined fading and shadowing is shown in Fig. 6 as a function of the cluster size; fading causes a sharp increase in PCI for 0 = 6 dB. The correlation between the signals causes a reduction in the total PCI or, in other terms, the presence of correlation allows the use of smaller cluster sizes compared to the uncorrelated case, for a given value of the total PCI.
The cluster size and the number of base stations are limited by several factors including the economic constraints. In this context, it might be useful to quantify the effect of total PCI on the cluster size. If a maximum tolerable PCI of 0.01 is assumed at the boundary of a cell, then the cluster size should be larger than 21 and 13 for, respectively, p = 0 and 0.4 for pure shadowing with 0 = 6 dB and a = 8 dB (see Fig. 5 ). The corresponding cluster sizes for combined r: fading and shadowing are 61 and 43 (see Fig. 6 ). The cluster sizes for pure shadowing and combined fading and shadowing with u = 12 dB are much larger. Similarly, a change in the blocking probability, as determined by quality considerations, from B = 0.01 to 0.2 leads to a slight increase in the cluster size. In view of (16), the normalized frequency reuse distances corresponding to pure shadowing with u = 6 dB and a = 8 dB are 8 and 6 for, respectively, p = 0 and 0.4; the corresponding values for combined fading and shadowing are found as 13. 5 and 10.4.
V. SPECTRUM EFFICIENCY
Spectrum efficiency is measured by the carried traffic for the unit size of the frequency bandwidth and cell area [28] , [29] . Thus, the system capacity is directly related to the spectrum efficiency. The spectrum efficiency, E,, can be defined as erlang/MHz/km2.
A, N, W C S E, = -
Here, N , is the number of channels per cell, W represents bandwidth per channel in MHz, C the number of cells per cluster, and S the area of a cell in km2. The traffic carried by a cell, A,, expressed in erlang/cell is given by where A denotes the offered traffic per cell in erlang. The blocking probability B is determined using the Erlang-B formula [30] A N " B =
__
By expressing p in (7) in terms of the spectrum efficiency through (17), (16), and (13), the total PCI was calculated as a function of the spectrum efficiency with pure shadowing, pure Rayleigh fading, and combined Rayleigh fading and shadowing. The results are shown in Fig. 7 for W = 25 kHz, A, = 5 erlang, B = 0.02, N, = 10, S = 1 km2, and a = 8 dB. Note that, for a given value of the PCI, combined Rayleigh fading and shadowing reduces spectrum efficiency below that for pure shadowing and pure fading. At high values of the total PCI, pure fading can result in higher spectrum efficiency values compared to pure shadowing with u = 6 dB.
Spectrum efficiency can be increased by accepting an increase in the total PCI (corresponding to lower service quality) and/or by tolerating a lower value of the protection ratio (corresponding to more robust receiver design). Correlation between the signals improves the spectrum efficiency. The effect of protection ratio on spectrum efficiency is shown in Fig. 8 where, for a given value of the total PCI, higher values of the protection ratio decrease the spectrum efficiency.
The effect of the carried traffic on spectrum efficiency is shown in Fig. 9 . For a given value of the PCI, the spectrum efficiency can be improved by increasing the carried traffic, and the number of channels per cell. Again, increased correlation between the signals reduces the PCI for a given value of the spectrum efficiency, or increases the spectrum efficiency for a given value of the PCI.
The constraints discussed in Section IV and the limitations on the available frequency spectrum by the regulations limit the spectrum efficiency that can be expected from a cellular radio system. In view of (17), the values of the spectrum efficiency corresponding to cluster sizes calculated in Section IV for a total PCI = 0.01 at the cell boundary are equal to 1.42 and 2.3, respectively, for p = 0 and 0.4 for pure shadowing with 0 = 6 dB and a = 8 dB. Corresponding values of the spectrum efficiency for combined fading and shadowing are 0.6 and 0.75. Table I provides a summary of the effects of the total PCI on the cluster size, the normalized frequency reuse distance, and the spectrum efficiency with shadowing and combined fading and shadowing for the uncorrelated case and for a correlation coefficient of p = 0.4 between the signals. The presented values are valid for 0 = 6 dB, a = 8 dB, N, = 10 and B = 0.2. The increased correlation between the signals yields smaller cluster sizes, shorter normalized frequency reuse distances, and improved spectrum efficiency, compared to the uncorrelated case. Combined fading and shadowing leads to larger cluster sizes, increased normalized frequency reuse distances, and lower spectrum efficiencies. Finally, an increase in the maximum tolerable total PCI at the cell boundary from 0.01 to 0.1 results in higher spectrum efficiency values and a reduction in R, and C, as expected.
VI. CONCLUSIONS
The PCI due to multiple correlated log-normal interferers was calculated for cellular radio systems with Rayleigh fading and shadowing. The dependence of the total PCI on the correlation coefficients between the signals, the standard deviation due to shadowing, the number of interferers, the co-channel protection ratio, and the traffic load was investigated. The results were used for analyzing the optimal channel reuse, the cluster size, and the spectrum efficiency in terms of these parameters.
The presence of fading causes a significant increase in the conditional PCI compared to pure shadowing. This effect is more pronounced at higher values of the normalized frequency reuse distance and for 0 = 6 dB (see Figs. 3 and 4) . For a given value of the PCI at the cell boundary, the correlation between the signals permits the use of shorter normalized frequency reuse distances. Results also show that a higher level of co-channel interference occurs with an increase in the standard deviation, the blocking probability, and the number of channels per cell.
It is noted that high values of the standard deviation, the protection ratio, the number of channels per cell, and the blocking probability require larger cluster sizes in order to maintain the same level of PCI. Increased correlation between the signals was observed to result in a significant decrease in the cluster size for a given value of the PCI. The blocking probability was observed to be less effective while fading causes a sharp increase in the PCI compared to that for pure shadowing, especially €or (T = 6 dB.
For a given value of the PCI, combined Rayleigh fading and shadowing yields lower spectrum efficiency compared to pure shadowing. Lower values of the protection ratio were observed to yield higher spectrum efficiencies for a given value of the PCI. Spectrum efficiency increases with the carried traffic, the number of channels per cell, and the blocking probability. It was also noted that the increased correlation between the signals improves the spectrum efficiency.
It can thus be concluded that the cellular radio systems perform better in a correlated shadowed environment than in an uncorrelated shadowed environment. The presented results can be used for designing macro-and micro-cellular systems in a correlated shadowed propagation environment.
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